We show that the Hausdorff dimension of the set of points of bounded orbit in the Julia set of a meromorphic map with a simply connected direct tract and a certain restriction on the singular values is strictly greater than one. This result is obtained by proving new results related to Wiman-Valiron theory.
Until recently it was an open question as to whether there existed an entire function f for which the Hausdorff dimension of the Julia set of f was equal to 1. However, Bishop [10] has constructed an entire function f with dim J(f ) = 1. This function has multiply connected wandering domains, and so its direct tract, defined in Section 3, does not have an unbounded boundary component. This suggests the question of whether Barański, Karpińska, and Zdunik's result can be generalized to show that, for a transcendental meromorphic function f with a direct tract with an unbounded boundary component, we have that dim J(f ) > 1. We prove this in several situations, and specifically in the case where the direct tract is simply connected and there is an additional restriction on the singular values associated with the direct tract. Theorem 1.1. Let f be a transcendental meromorphic function with a simply connected direct tract D. Suppose that there exists λ > 1 such that for arbitrarily large r there exists an annulus A(r/λ, λr) containing no singular values of the restriction of f to D. Then dim J(f ) ∩ K(f ) > 1.
Note that there are relatively few results concerning the set K(f ) for transcendental entire functions. Following the proof of [3] , Bergweiler showed that dim J(f ) ∩ K(f ) is not greater than one in general. Indeed, he proved in [6] that there exist transcendental entire functions for which dim K(f ) can be arbitrarily small. Note that Bergweiler's examples all have direct tracts with no unbounded boundary component.
Our proof of Theorem 1.1 partially follows the approach in Barański, Karpińska, and Zdunik [3] , with some significant differences. The hypotheses in [3] specify a logarithmic tract, for which one can make use of the logarithmic transform and the resulting expansion estimate in the tract. However, in our case, we no longer have this expansion estimate throughout the direct tract. Instead, our proof uses Wiman-Valiron theory, which gives the existence of a disc in the direct tract, around certain points where the function takes its maximum modulus, within which the function behaves like a polynomial. We use tools developed by Bergweiler, Rippon, and Stallard [9] for general direct tracts, and apply them to direct tracts with certain properties. These results trace back to Wiman-Valiron theory [14] and Macintyre's theory of flat regions [17] . We show that in our case a larger disc than that given by Wiman-Valiron theory lies in the direct tract, and on this disc an estimate of the function holds which is somewhat weaker than the Wiman-Valiron estimate. While this estimate on the new disc is weaker than the Wiman-Valiron estimate, it enables us to cover a much larger annulus than does the Wiman-Valiron estimate many times over. These results are of independent interest.
The paper is organized as follows. Section 2 introduces the notion of a direct tract and the classification of singularities. In Section 3, we give our results on the size of enlarged Wiman-Valiron discs. We then use these results in Section 4 in order to prove a theorem on the Hausdorff dimension of certain Julia sets, of which Theorem 1.1 is a special case. Finally, in Section 5 we give two nontrivial examples of transcendental entire functions to which we can apply our results.
Direct tracts and the logarithmic transform
First, we recall the classification of the singularities of the inverse function due to Iversen [15] , as well as the definition of a tract, following terminology found in [9] . Let f be a meromorphic function and consider a ∈ C.
is the open disc centered at a with radius R with respect to the spherical metric) chosen so that
In the first case, a = f (z) and a is an ordinary point if f (z) = 0, or a is a critical value if f (z) = 0. If f (z) = 0, we call z a critical point. In the second case, f has a transcendental singularity over a. The transcendental singularity is called direct if f (z) = a for all z ∈ U R , for some R > 0. Otherwise it is indirect. Further, a direct singularity is called logarithmic if f : U R → D(a, R) \ {a} is a universal covering. These components U R are called tracts for f . Note that the structure of U R depends on R. We will mainly restrict f to a specific tract, which motivates the following definition; see for example [9] . Definition 2.1. Let D be an unbounded domain in C whose boundary consists of piecewise smooth curves and suppose that the complement of D is unbounded. Further, let f be a complex valued function whose domain of definition contains the closure D of D. Then D is called a direct tract of f if f is holomorphic in D, continuous in D, and if there exists R > 0 such that |f (z)| = R for z ∈ ∂D while |f (z)| > R for z ∈ D. If, in addition, the restriction f : D → {z ∈ C : |z| > R} is a universal covering, then D is called a logarithmic tract. Further, we call R the boundary value of the direct tract.
Of note is that meromorphic functions with a direct singularity have a direct tract. Further, every transcendental entire function has a direct tract. Although, for a meromorphic function, the boundaries of these tracts are piecewise analytic, the geometry of these tracts can be incredibly varied and sometimes quite wild. Direct tracts need not be simply connected or even have an unbounded boundary component. However, logarithmic tracts are always simply connected and direct tracts in the class B are logarithmic for a sufficiently large R in the above.
Logarithmic tracts have been of great use in the iteration of entire and meromorphic functions with many major results and constructions such as [24] and [9] making use of their properties and the additional tools that they give. A technique to identify a logarithmic tract was given in [31] . The major tool used is the logarithmic transform which was first studied in the context of entire functions by Eremenko and Lyubich [12] . We now introduce the logarithmic transform, F , in the setting of a direct tract with an unbounded boundary component. While the logarithmic transform has been studied in many papers on transcendental entire dynamics, it has almost always been applied to a logarithmic tract.
Let f be a meromorphic function with a direct tract D with an unbounded complementary component; any simply connected direct tract must have such a complementary component. By performing a translation if necessary, assume further that 0 is contained in an unbounded complementary component of D. Then, denote by F the logarithmic transform of f ; that is, exp •F = f • exp. Note that F is periodic with period 2πi and maps each component of log D into a right half-plane. Unlike for a logarithmic tract, F is not necessarily univalent on each component of log D. However, as there exists an unbounded complementary component, one may still lift f by the branches of the logarithm.
By applying the Koebe 1/4-theorem, we are able to obtain an estimate on the entire function in the direct tract on a domain on which the function is univalent. This result is a modification of an expansion estimate due to Eremenko and Lyubich [12] and is similar to the approach of Rippon and Stallard in [23, Lemma 2.5]. 
, for w ∈ S, or equivalently
Proof. Take a base point z 0 ∈ γ and let w 0 = log f (z 0 ). Then, let Ψ denote the inverse branch of z → Φ(z) = log f (z) such that Ψ(w 0 ) = z 0 . By our hypothesis on the singular values of f , the branch Ψ can be analytically continued along every curve in S starting from w 0 , with image values in D. Since S is simply connected, we deduce from the monodromy theorem that Ψ extends to be analytic throughout S, and Ω := Ψ(S) ⊂ D.
Two cases can then arise [20, p. 283 ]: either Ψ is univalent in S or Ψ is periodic in S, with period 2πim, where m ∈ N. In the latter case, however, Ψ(S) must be bounded, which is impossible, since γ ⊂ Ψ(S) = Ω. Now, we use the fact that H = log Ψ, for some branch of the logarithm, and hence H maps S univalently onto a domain that contains no disc of radius greater than π. Therefore, (1) holds by the Koebe 1/4-theorem, and (2) follows by the change of variables z = e w .
Wiman-Valiron theory in tracts
First, we introduce some preliminary concepts, discuss the original Wiman-Valiron result of Bergweiler, Rippon, and Stallard, and give some basic lemmas; see [9] .
Let v : C → [0, ∞) be a non-constant subharmonic function. Then the function
is increasing, convex with respect to log r, and
exists except for possibly a countable set of r values and is non-decreasing. Let f be a meromorphic function with a direct tract D with an unbounded boundary component and boundary value R. Define
for z ∈ D and v(z) = 0 elsewhere; then B(r, v) = max |z|=r log |f (z)|/R. It was proved in [9] that any direct tract of f contains a disc about points where the maximum modulus is attained, on which f behaves asymptotically like a polynomial. As we will refer back to this result several times, we state it here. 
We now show that a larger disc than given by Theorem 3.1 is possible inside a simply connected direct tract. In a general direct tract this is not possible, as shown by an example due to Bergweiler [5] . Note that, Bergweiler's example has a direct tract with no unbounded boundary component.
First, we recall a standard estimate on a(r, v); see [9, Lemma 6.10].
Next, we state a more general version of [9, Lemma 11.2], giving a slightly different estimate of B(r, v) for a general subharmonic function which is suited for our purpose. This statement is extracted from the inequalities given in the proof of [9, Lemma 11.2] (in which the function Φ(x) = B(r, v) and Φ (x) = a(r, v), with r = e x ).
uniformly as r → ∞.
We shall use Lemma 3.2 to prove a generalization of Theorem 3.1, which provides a much larger disc in a direct tract that satisfies certain extra conditions, at the expense of less control on the function as we move further out from the original Wiman-Valiron disc. First, if there exists a direct tract surrounding a sparse collection of zeros, we show that a larger disc exists inside the direct tract than given by Theorem 3.1. Note that this hypothesis is satisfied by a simply connected direct tract. 
Proof. Choose α and β such that 0 < α < β < τ < 1/2 and 1 − α − β = √ 1 − 2τ = ξ(τ ), say. Let E be the union of E and the exceptional sets in Lemma 3.1 and Lemma 3.2 for these values of α and β, where = β. Further, set ρ = 2ra(r, v) −τ , where r is large enough that a(r, v) = 0. Consider the subharmonic function
for r / ∈ E and z ∈ D(z r , 512ρ) by Lemma 3.2, and the fact that for z ∈ D(z r , 512ρ),
since lim r→∞ a(r, v) = ∞, and so, for large r, 
Hence, by a result of Tsuji; see [28, p. 112] ,
where ω(z r , Γ, V ) denotes the harmonic measure of Γ at z r in V . Thus, for Σ = ∂V \ Γ we have
Next, for z ∈ Γ, we have v(z) = 0, since z is on the boundary of D, so from (4), (5), and Lemma 3.1 with = β, if r / ∈ E is sufficiently large, then
Hence, by (4) and the above, we can apply the two constant theorem (see for example [22, Theorem 4.3.7] ) for large r / ∈ E and obtain
which gives a contradiction, since u(z r ) = 0, while B(r, v) → ∞ as r → ∞. Hence, D(z r , r/a(r, v) τ ) ⊂ D for r / ∈ E sufficiently large.
We now show that, given a disc of the form D(z r , r/a(r, v) τ ), for 0 < τ < 1/2, inside our tract, we can obtain an estimate for the function f inside that disc. This estimate includes the case of the original Wiman-Valiron estimate when τ > 1/2. A larger disc than that given by Wiman-Valiron theory introduces a worse error to the estimate the larger the new disc is. Note that for the following theorem, we do not insist on any additional hypotheses on the tract, such as being simply connected; we just require the existence of a suitably large disc inside the direct tract. Further, note that the function ξ(τ ) = √ 1 − 2τ is chosen so that ξ(τ ) → 1 as τ → 0 and ξ(τ ) → 0 as τ → 1/2, while also ξ(τ ) < 1 − τ . These properties will be important in this and subsequent proofs. Proof. Set
where the branches of the logarithms are chosen so that g(z r ) = 0. By the Borel-Carathéodory inequality [30, p. 20 ],
for 0 < t < ρ/2 and r / ∈ E, by Lemma 3.2 with α and β chosen so that β > α > 0 and 1 − α − β = ξ(τ ).
Thus, by (6), for z ∈ D(z r , ra(r, v) −τ ) and r / ∈ E,
where g(z) = O(a(r, v) ξ(τ ) ) for τ < 1/2 by (7) and g(z) = o(1) inside D(z r , r/a(r, v) τ ) for τ > 1/2 by Theorem 3.1.
Note that in the above result, the case 0 < τ < 1/2 is new. Further, for τ = 1/2 it is natural to ask what the error, g, in the Wiman-Valiron estimate is and whether it is possibly O(1). However, this proof does not show it.
We now use Theorem 3.3 in order to obtain an estimate on the size of the image of this new disc. First, we label three sets where we choose the principal branch of the logarithm; that is the branch corresponding to the principal value of the argument. Let The domain
is a square of side length 1/a(r, v) τ centered at w r and mapped by
to a square,Q, of side a(r, v) 1−τ centered at F (w r ). Since centered at F (w r ) for large enough r. This closed curve winds exactly once around F (w r ), since 1 − τ > √ 1 − 2τ = ξ(τ ). Hence, by the argument principle, F is univalent on S r and F (S r ) contains a square of side length greater than 1 2 a(r, v) 1−τ .
Hausdorff dimension
In this section, we show that the set of points of bounded orbit in the Julia set of a meromorphic map with a direct tract with conditions on the singular values, zeros, and the boundary of the tract has Hausdorff dimension strictly greater than one. Theorem 1.1 follows from Theorem 4.1, below, together with Theorem 3.2, replacing λ by λ/2 in Theorem 4.1 and using the fact that the exceptional set has finite logarithmic length. Recall that v is defined as in (3), and z r is a point for which |z r | = r and v(z r ) = B(r, v). Then dim J(f ) ∩ K(f ) > 1.
Proof. First, let E be the set of finite logarithmic measure in Theorem 3.3. Fix 1 2 > τ > 0 and λ > 1. Then, take r ∈ [1, ∞) \ E so large that (i) and (ii) are satisfied. We use the sets S r , Q, andQ introduced in (8), (9) , and (10) before the statement of Theorem 3.4. By Theorem 3.4, the image of S r ⊂ D(z r , r/a(r, v) τ ) under log f covers the squares Q andQ.
Following [3] we will construct an iterated function system based on taking inverse branches of F 2 that map Q to Q, where F is the 2πi periodic logarithmic transform of f which satisfies exp •F = f • exp; see Figure 2 . We show that the dimension of the attractor of this system is strictly greater than 1. The method for constructing this iterated function system is, however, somewhat different from that of Barański, Karpińska, and Zdunik, and we make use of the tools from Wiman-Valiron theory developed in Section 3.
Step 1. We use our results from Section 3 to construct branches of F −1 from Q to log D(z r , r/a(r, v) τ ). We let w r = log z r + i arg z r , where arg is the principal argument. We now let w r,s = w r,0 + 2πis, for s ∈ Z, where w r,0 = w r , and let S r,s = S r + 2πis, for s ∈ Z. Further, let G s be the branch of F −1 satisfying G s (F (w r,0 )) = w r,s . Then, G s :Q → S r,s is univalent, since F is univalent on S r,s and F (S r,s ) ⊃Q ⊃ Q, by Theorem 3.4. By (11) and by Cauchy's estimate o(1) ), for w ∈ S r,s , F (w) ∈ Q, and s ∈ Z, as r → ∞. Hence there exists an absolute constant K > 0 such that (12) max
, for s ∈ Z.
Note that F (w r,s ) = a(r, v), and so
Step 2. Next, using similar methods to [3] , we construct another family of branches of Since there exist no singular values of f restricted to D that lie in A(r/λ, λr), we can obtain the following estimate on the derivative of H u by applying Lemma 2.1 part (c) for w ∈ {w : log(r/ √ λ) < Re w < log √ λr}:
Step 3. Now, we estimate the diameter of Q u,s = H u • G s (Q), a second preimage of Q. Recall that G s (Q) ⊂ S r,s , so by (12) and (14),
So, there exists d ∈ (0, 1) such that
for r sufficiently large. Let
where d satisfies (15) .
Step 4. We now consider level curves of F that meet Q . Let l u be the image under H u of l = {w : Re w = log r}, that is a translate of the curve l 0 introduced in Step 2. Denote by l u,Q the intersection of l u and Q . From Step 2, we know that l u is unbounded, and so if l u,Q ∩ Q = ∅, then
Note that since l 0 ∩ l = ∅ (from Step 2) there are at least a(r, v) 1−τ /16π values of u such that l u ∩ Q = ∅.
Step 5. Next, we obtain an estimate on u s |(H u • G s ) (w)| for w ∈ Q, and u and s such that H u • G s (Q) = Q u,s ⊂ Q. Now, l u,Q ⊂ H u (l). Since H u is univalent on {w : log(r/λ) < Re w < log(λr)}, it follows from the Koebe distortion theorem (applied to a covering of l by disks of a uniform size) that there exists a constant C 2 > 0 such that
for any u such that l u,Q ∩ Q = ∅, summing over all s such that H u (w r,s ) ∈ l u,Q . Note that if H u (w r,s ) ∈ l u,Q , then Q u,s ⊂ Q by (15) . The distortion of H u • G s is uniformly bounded on Q, since G s :Q → S r,s is univalent on Q ⊃ Q, and H u is univalent on {w : log(r/λ) < Re w < log(λr)}. Therefore, there exists a constant C > 0 such that
So, by (13) , (16) , and (17), for w ∈ Q, and u and s such that Q u,s ⊂ Q,
for r sufficiently large, where C 3 > 0 is some constant. As we noted at the end of Step 4, there exist at least a(r, v) 1−τ /16π curves l u that meet Q . Hence, for w ∈ Q, and u and s such that Q u,s ⊂ Q,
Step 6. Following [3, p. 622 -623], we now obtain a conformal iterated function system from the family of maps H u • G s : Q → Q. The sets H u • G s (Q) = Q u,s are pairwise disjoint and the system gives a maximal compact invariant set, J B , say. Note that by construction F 2 (J B ) = J B and F (J B ) ⊂ ∪ s∈Z D s . Further, lim n→∞ |(F n ) (w)| = ∞ for every w ∈ J B by (12) and (14) .
Recall that the Hausdorff dimension of J B is the unique zero of the pressure function
where g n = g i 1 • · · · • g in , with g i j = H u • G s for u and s such that Q u,s ⊂ Q. Further recall that the pressure function is strictly decreasing, so in order to prove that dim J B > 1 it is sufficient to show that P (1) > 0. For an introduction to the pressure function see [11] and [16] . Now, estimating the pressure using (18),
for r sufficiently large, since, by hypothesis, τ < 1/2. This implies that the Hausdorff dimension of the invariant set J B that arises from this system is greater than 1.
Further, the exponential function is a smooth covering map, so dim X = dim J B ∪ F (J B ) > 1. Finally, we have that lim n→∞ |(F n ) (w)| = ∞ for w ∈ J B by (12) and (14) . Therefore, lim n→∞ |(f n ) (z)| = ∞ for z ∈ X. However, f n (X) is bounded, so by normality, X ⊂ J(f ). Therefore, dim J(f ) ∩ K(f ) > 1.
Examples
In this section, we give two examples in order to illustrate the application of our results. First, we consider a function f with one direct tract, which is not simply connected. However, Then dim J(f ) ∩ K(f ) > 1.
Consider the direct tract D of f with boundary value 1; see Figure 3 . Then D contains {iy : y = 0}. Note that the only zeros of f are real and the only finite asymptotic value of f is 0, by the Denjoy-Carleman-Ahlfors theorem [20, XI.4 ], since f has order 1 and is symmetric in the real axis. We show that the points where f attains its maximum in the upper half-plane lie asymptotic to the line y = x and that D contains a disc satisfying Theorem 4.1.
We use the following notation and results of Tyler [29] on maximum modulus curves; that is curves on which |f (z)| = M (|z|). First, let For f (z) = cos(z) exp(z), we have that A(z) = z(1 − tan z). Now, A(z) is real and positive either in various intervals on the real line or asymptotically close to the line y = x, since tan(z) → i as Im z → ∞.
By considering B(x), we show that there are no large maximum modulus points on the positive real axis. First,
Hence, for x > 0,
approximately. Therefore, there are no maximum modulus points on the positive real axis greater than 0.44. So, the points satisfying both Next, we give an example with a direct tract with no logarithmic singularities. This example is the reciprocal of the entire function studied in [7] ; for an illustration of the tracts of this function, see [7, Figure 1 ].
Example 5.2. Consider the entire function
Then dim J(f ) ∩ K(f ) > 1.
We will use several key results about f from [7, p. 254-258 ]. The first is the existence of an infinite tree on which f is very large. Introducing some notation, fix 0 < ε ≤ 1/8 and set r n = (1 + ε)2 n+1 and r n = (1 − 2ε)2 n+2 for n ∈ N. Then, for j ∈ {0, 1, . . . , 2 n − 1}, let B j,n = r exp πi 2 n + 2πij 2 n : r n ≤ r ≤ r n and C ± j,n = r exp πi 2 n + 2πij 2 n ± r − r n r n+1 − r n πi 2 n+1 : r n ≤ r ≤ r n+1 . We then obtain an infinite binary tree
If n is large enough, then Re g(z) < −2 2 n , for z ∈ B j,n ∪ C ± j,n , j = 0, 1, . . . , 2 n − 1. The second key result in [7] is that if r n ≤ |z| ≤ r n , then
where η(z) → 0 as n → ∞. Let ρ n = (1 + 2ε)2 n+1 and ρ n = (1 − 3ε)2 n+2 . The authors then show a third key result that |zg (z) − 2 n g(z)| < 1/2|g(z)|, for ρ n ≤ |z| ≤ ρ n .
The final key result we need is that for ρ n ≤ r ≤ ρ n , we have that arg g(re iθ ) is an increasing function of θ and increases by 2 n 2π as θ increases by 2π. The authors conclude that for ρ n ≤ r ≤ ρ n the circle {z : |z| = r} contains exactly 2 n arcs where Re g(re iθ ) < log ρ for r and n sufficiently large that {z : |z| = r} ∩ D = ∅ and log ρ > −2 2 n .
Let D be a direct tract of f with boundary value R > 0. As f has no zeros, D is simply connected. Further, from [31, Example 3.3], f has a bounded set of asymptotic values, and we can assume they all lie in D(0, R). Hence, it remains to check that the critical values of f are suitably well separated in order to satisfy condition (ii) in Theorem 4.1. We deduce this by using the key results above discussed in [7] , as well as an application of Rouché's theorem and properties of level curves.
First, from the third key result above g (z) = 0 in A(ρ n , ρ n ) for any n and so any critical points of f must lie in ∪ n∈N A(ρ n−1 , ρ n ). Now, since |zg (z) − 2 n g(z)| < 1/2|g(z)|, for ρ n ≤ |z| ≤ ρ n , by Rouché's theorem g(z) and zg (z) have the same number of zeros in D(0, ρ n ). Further, g(z) has 2 n zeros in D(0, ρ n ) by the second key result and another application of Rouché's theorem. Therefore, f has exactly 2 n − 1 critical points in D(0, ρ n ) and hence 2 n−1 critical points in A(ρ n−1 , ρ n ), for n ≥ 1. All such critical points of f , apart from 0, must lie in components of A(ρ n−1 , ρ n ) ∩ D, for some n ≥ 1. From each such critical point there must originate at least 4 unbounded level curves which go to ∞ through A(ρ n , ρ n ) ∩ D. By the fourth key result above, exactly 2 of these curves can pass through each component of A(ρ n , ρ n ) ∩ D, and the unions of these level curves must meet the tree T . Hence, the modulus of the level curves must be at least the minimum modulus of f on the tree T in A(ρ n−1 , ρ n ) ∩ D. Therefore, the modulus of each of the critical values of the critical points in A(ρ n−1 , ρ n ) ∩ D is at least min{|f (z)| : z ∈ T, |z| = ρ n−1 } ≥ exp(2 2 n−1 ). Now, label the moduli of the critical values arising from critical points of f in D as a j,n = |f (ζ j,n )|, where ζ j,n ∈ A(ρ n−1 , ρ n ) ∩ D, j = 0, 1, . . . 2 n−1 − 1, and n ≥ 1. So, a j,n ≥ exp(2 2 n−1 ), for j = 0, 1, . . . 2 n−1 − 1, and n ≥ 1.
Then we claim that for any k > 1 there exist arbitrarily large r such that A(r, kr) contains no a j,n , for j = 0, 1, . . . 2 n−1 − 1, and n ≥ 1. For otherwise there would exist a subsequence a jm,nm ∈ A(k m−1 , k m ), for all m ≥ M , say. Hence, exp(2 2 m−1 ) ≤ exp(2 2 nm−1 ) ≤ a jm,nm ≤ k m , for all m ≥ M , which is impossible. Therefore, we may apply Theorem 4.1 and obtain that dim J(f ) ∩ K(f ) > 1.
Remark. Bergweiler and Karpińska [8, Theorem 1.1] show that if f is a transcendental entire function that satisfies a certain regularity condition, then dim J(f ) ∩ I(f ) = 2. This result applies to our Example 5.1, but not to Example 5.2 since the regularity condition in [8] implies that f has finite order [8, p. 533 ], which is not the case for Example 5.2 by a theorem of Pólya [13, Theorem 2.9].
